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THERMAL RESPONSE BEHAVIOR OF BOUNDARY-LAYER FLOWS 
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Abstract-This paper presents an approximate, but general, analysis for the thermal response behavior of 
incompressible, constant property, laminar boundary layer flow over a smooth object of arbitrary shape. It 
encompasses the classic time-dependent Leveque problem as its special case. Comparisons with available 
data show that, for fluids with Prandtl number of the order of unity or larger, this analytical solution is able to 
provide reasonably accurate results for most engineering applications. Under certain restrictive conditions, it 

can also be used to predict the thermal response of a compressible boundary layer flow. 
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NOMENCLATURE 

functions defined in (26), 
n = 0,1,2,...; 
functions defined in (27), i = 1,2,3,4; 
thermal conductivity; 
Prandtl number ; 
temperature ; 
time ; 
velocity at edge of boundary layer ; 
velocity component in x-direction ; 
functions defined in (22), 
i=o,1,2,...; 
velocity component in y-direction ; 
transformed coordinate defined in (12a) 
or (47a); 
coordinate along body surface and in 
streamwise direction; 
location where surface temperature 
undergoes a step change ; 
coordinate normal to x ; 
complementary error function, 

2 me-z2du. =- 
&Z s x 

i” erfc x, nth repeated integral of the 
complementary error function, 

s 

m 
= in- ’ erfc c( da n = 1, 2, . . . . 

x 

Greek symbols 

CL, thermal diffusivity ; 

B? wedge angle divided by A ; 

r(n), gamma function, = 
I 

co 
cI”-1 e-^du; 

0 

r,(n), incomplete gamma function, 

s 

X 
= Cl”-l e-“da; 

% traniformed coordinate defined in (12b) 
or (47b); 
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the variable v defined in [3] or [9] ; 
dimensionless temperature defined 
in (7); 
Laplace transform of 0 defined in (17); 
a parametric function defined in (20); 
A evaluated at wall; 
dynamic viscosity; 
kinematic viscosity; 
dimensionless time defined in (12~) 
or (47~); 
density; 
wall shear ; 
the variable z defined in [3] or [9] ; 
stream function ; 
function defined in (13) or (48). 

Superscript 

differentiation with respect to x or q, 

Subscripts 

s, steady state condition ; 
w, condition at wall; 

00, free stream condition. 

1. INTRODUCTION 

A TECHNIQUE for solving unsteady, laminar, energy 
boundary-layer equation was introduced by Chao and 
Cheema [l] in 1968. It was first applied to boundary- 
layer flows over a flat plate and the unsteadiness was 
caused by a thermal disturbance at the plate surface. It 
has since been used in analyzing the transient heat- and 
mass-transfer behavior of translating droplets [2] and 
in the prediction of thermal response behavior of the 
Falkner-Skan flow [3]. The solution technique in- 
troduces a function, initially unknown, into the series 
expansion with the consequence that the solution 
becomes valid for all times. To evaluate this initially 
unknown function, one must separately determine the 
steady state solution. 

In this paper we shall analyze the transient response 
time of laminar boundary-layer flows due to a sudden 
change in the temperature ofits bounding surface. The 
analysis is approximate, yet general, and may be served 
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as a basic solution for problems involving nonuniform 
surface temperature distribution, The method of ana- 
lysis parallels that used in [ 11. 

2. ANALYSIS 

We consider a smooth object of arbitrary shape 
situated in an isothermal incoming stream of un- 
disturbed temperature r,. A front portion of the 
surface, extending from the forward stagnation point 
(or the leading edge of a Aat plate) to an arbitrary 
distance x0, remains at constant wail temperature r,.. 
At time t = 0 and for s > ,x0, the wall temperature 
undergoes a step change from T, to a constant value 
7Q. The flow is assumed to be steady, laminar, and 
incompressible and dissipation is to be ignored. The 
governing equation for the unsteady temperature 
boundary layer is 

The associated initial, boundary, and entrance con- 
ditions are 

i--V, “r, 0) = T, 12) 

T(s,O, I) = 7;V. T(x, cr_, f) = 7, t3a,b) 

7-(-Y,, 1‘. t) = T, 14) 

Earlier investigations (S-6] have established that 
the initial growth of the thermal boundary layer is 
controlled by a molecular diffusion process. Its fmal 
decay to the steady state is governed by conditions 
near the wall. The latter was first pointed out by Riley 
[5]. Thus, in order to keep the analysis reasonably 
simple, it seems appropriate that we consider a one 
term representation of the velocity-distribution,* na- 

mely, 

11 (.Y, y) = -1: !‘. (5) 

It follows from the requirement of continuity that. 

Introducing the dimensionless temperature function 

O(.Y, !‘, t) = g$ (7) 
ns 1 

and making use of (5) and (6), (I) can be rewritten as 

where the prime denotes differentiation with respect to 
N. The associated initial, boundary, and entrance 
conditions are 

H(?c, ?; 0) = 0 (9i 
-.-- 

*Analysis based on two-term representation of the 
velocity-distribution, namely 

has also been made. It is felt that the extreme complication 
does not justify its presentation at the present time. 

Il(.r. 0, ?) = 1, 0(.x. Y i I = 0 ! I h. h I 

H (.X<), !‘% t\ = (I ilii 

To facilitate analysis, we consider the following 
tr~nsf(~rm~tion 

and denote 

It can then be established that (8) becomes 

with 

and 

fl(X,rj.o) = 0 (I’1 

B(X,O,s)= 1, 0(X. r.r)=O. ( I txr, t-11 

It is recognized that tl is the similarity variable of the 
Li~hthjll problem [7]. The choice of X(r) is not 
unique. It may differ by an arbitrary constant without 
affecting the remaining analysis. With q so selected, the 
entrance condition (1 I) merges with boundary con- 
dition (lob). The variable r is recognized as the Fourier 
number of the problem. 

Equation (14) subject to initial and boundary 
conditions (15) and (l&t, b) may be solved by the series 
solution method first introduced by Chao and Cheema 
[I]. We define the Laplace transform of 0(X. 17. t ). 111 
the usual way, i.e. 

cjtx.lT;fq= 1' 6" IliS.q.~jd~ (17) 
,: 0 

and obtain, from (I4), (15). and (lha. bf 

(iX) 

with 
Of.x,O)=P-‘. Ir(X,cc)=O. t I Ya. b) 

By following the procedure expounded in [I]. we 
establish that an appropriate series solution for ( IX) 
and (19a,b)is 

x i u,(x.1~)(P-l-iL)-“2 (20) 
” -- ” 

in which Re(P) > 0 and i. is real function of X and )I. 
always positive, yet unknown. We set i+, = 1 and 
u,(X, 0) = @2(X, 0) = r.. = &(X, 0) = 0. hence 
~(X,~~ = P-‘. We shall later demonstrate that n is 
such that 0(X. UC: ) = 0. 
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Upon substituting (20) into (18) and equating the coefficients of like power of (P+l), we find, 

685 

+2n-7 da 2 -0 .u.-,+a(n-3)(n-5) E u,_5 
0 

2 

4 n3 an 
(21) 

for n > 1 and u_i = u_~ = u_~ = u_.~ = 0. The re- 
current relation (21) can be integrated in succession to 
obtain the following expressions for u,(X, rl) 

ug = 1 

u, = H, +$/A 

u2 = H, ++H,$ +Q($)’ 

(22a) 

(22b) 

(22c)* 

in which, 

G,=g,+g,,G,=g,-g,,G,=G,-g, 

G3 = G, + q1”2g, - g4, 

G, = G, - (1 + rI +)q2L)g3 + +q(1)i’2g4 

I 

(26) 

G, = G, +(l +ta+;q2a)tj(ap2g, 
--(l+$a~+*tf~a)g~,... etc. 

where 

(23a) g2 = +eW(i.) erfc 

-- g1 = )erfc 2(7:1,2 ( (27) l/2 ) ‘I , 

(27) 

H2 =;f$+;Hf-;(30-1)H,q2 

* 
+; ( 3&30’+w n4+& 

> ( 
;Cu+ g4 = --&. (7ap2 e- [ $- (W2 I. I 

do dw d2m 
+~+2~-6w~-3~ (23b) 

Accordingly, we have, 

au2 ~Eo,~(x,o)=~ao,F 
aq atl 

(X,0)= -;a 1 (24) 

~(x,o)=~~;,~~x,o)= -ia,w,.... 

It is observed that, with the exception of u,, (which is 
identically unity) each u, consists of two parts--one is 
free of 1 and is designated as H, in (22); the other is a 
polynomial of i. 

The desired transient temperature field is obtained 
from taking the inverse of (20), using the familiar 
translation and convolution theorems. The result is: 

B(x,1,7)=exp[-3w113-~J1]. f u,L-“/2G, (25) 
n=o 

(iii) For any fixed 7, as r] + 0 

Go = 1, G, = erf(lor)1i2, 
G, = 1 -e-A@ 

G, = erf(lor)‘12 -$ (LOr)1i2e-““‘, 

G, = 1 -(l +ra,)e-“Ur 

G, = erf (ior)1/2 - (1 + $,t) 

x -5 (7aop2 e-""',... 
n1/2 

*The author has also evaluated r+ and uq. They are which are all positive and less than 
omitted from the list for the interest of conserving space. unity except for Go 

For n > 2, G, is given by the integral: 

G, = 2”- 2 e~(l)l'z 

s 

ir fin/2- 1 e- /j i”- 2 erfc 

0 

x (; aq?- ‘/2)d/I. (28) 

As it turns out that the G,-functions are all expressible 
in terms of the four g-functions. Furthermore, it can be 
demonstrated that: 

(i) lim G, = 1 for all rjs 
r-+* 

(ii) lim G, = 0 for all rjs 
t-+0 
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(iv) lim G, = 0 for all r’s The local heat flux is 

Thus, one may conclude that G, ranges from 0 to I for 
the entire domain of interest, namely, 0 < T < x, and 

- 

0 < tj < ZG. 

The steady state temperature distribution follows 
from letting T --t x in (25). It is 

x [9z~~,!:;,]’ ‘d.x 1 Ii, i351 
_, 

By equating (29) and (331, one has the following 
expression for i. 

Since B&X, co) = 0 and Be(P) > 0, we conclude, by 
comparing (29) with (20), that 0(X, cc) = 0. Thus, an 
earlier expectation is realized. From the analysis of 
Acrivos [8], it is known that 0, depends on 17 only. This 
fact can also be deduced from (14) subject to con- 
ditions (15) and (16a, b). Consequently, in (29) 8, is 
actually independent of X. The unknown function 
/1(X, q) must be determined in such a way that the RHS 
of (29) is independent of X. A rigorous mathematical 
proof of the existence of such 3, function is unknown. 
However, computer solutions for some physical mean- 
ingful cases show that they do indeed exist. 

Differentiating (25) with respect to rl and evaluating 
the result for q = 0 yield: 

-~(X,O,ri = &e -i”‘+(;10)l:2erf(~,*)l~2 

L 

in which Eu,,/Z~ (X, 0) is given by (24). The steady state 
temperature derivative at the solid surface is 

The local transient surface heat flux is 

%V = 

To determine the function i(X, q), we must se- 
parately evaluate the steady state temperature field 8,. 
This has been already given by Lighthill [7]. Lighthill 
obtained the solution by solving the boundary-layer 
equations in the von Mises form using operational 
methods. An elegant way to obtain the same result 
using similarity consideration was given by Acrivos 
[8]. The steady state temperature field is 

3 
e,(V) = 1 -yjz e -“‘dfl. (33) 

Thus, it follows that 

At the wali, q = 0, the LHS oF(36) becomesidenticaliy 
unity and hence it cannot be used to determine i,,. The 
latter was evaluated from 

Note that the RHS of (36) can afso be calculated by a 
direct numerical integration of 

where primes denote differentiation with respect to PI. 
For engineering applications, one is often concerned 
with the ratio of the instantaneous wail flux to its 
steady state value. This ratio is given by 

qw r(lj3) __ = __-_. 
4,,., 3 I 

31 
.--~$(x.U.T1 

I 
(381 

To develop some feeling on the magnitude of the 
function w, we consider wedge flow for which U(s) 
= C/Y”, m = p/(2--fi). For attached boundary layer 
m > -0.091. A straight forward calculation yields 

Thus, w depends on x,/x only. It does not depend on 2: 
or x0 explicitly. For isothermal wedges, ,yO = 0 : and 

3m-1 28-l 
10 = - = -_l-. a constant. 

3mf3 3 
(401 

Equation (40) shows that OJ = - tj3 for a flat plate; 
w = 0 for flow over 90” wedge; and (0 = lj3 for the 
two-dimensional stagnation flow (Hiemenz flow). 

3. APPLICATIONS 

Equation (37) has been solved for several selected 
values of w and the results are displayed in Fig. 1. It is 
interesting to note that there is no real positive root 
when u> > l/3. However, it has double roots when 0 
< w < l/3. For this double-root region, only the 
higher value of i, should be used. 

The values of i, shown in Fig. 1 are inserted into 
(30) to calculate the wall derivative. The wall heat Aux 
ratio is then evaluated from (38). The results are 
graphically shown in Fig. 2 for to = -0.3. 0, and 0.3. 
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steady state. When z > 0.4, the steady state condition 
prevails. Thus, for engineering application, the tran- 
sient response time could be taken as T = 0.4. 

G.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 

w 

FIG. 1. Values of i, as a function of w. 

2oi- 

When 2, is a constant, w = 0; this is the time- 
dependent Leveque problem studied by Soliman and 
Chambre [6]. They obtained their solution by double 
Laplace transformation. Their expression for the ratio 
of the instantaneous wall flux to its steady state value is 
expressed by an infinite series. The first term of the 
series corresponds to the steady state part of the 
solution. Figure 3 compares their results with those 
obtained from present analysis, using two, three, and 
four non-zero terms in the present series. Note that, 
when w = 0, u;(O), u:(O), and u;(O) all vanish identi- 
cally. Consequently, u;(O) and u;(O) have also been 

T 

FIG. 2. Wall heat flux ratio as a function of T. 
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4. GENERALIZATION TO COMPRESSIBLE FLOWS 

As was demonstrated in [I] that, under certain 
restrictive conditions, the incompressible results ob- 
tained in the previous sections can be directly used to 
describe the thermal response of compressible 
boundary-layer flows. 

FIG. 3. Wall heat flux ratio for time-dependent Leveque 
problem. 

For compressible flow the governing boundary- 
layer equations are 

As expected, the wall flux ratio is virtually independent 
of w when z is small. Fluid acceleration or deceleration 
and, hence, positive or negative values of o exhibit 
their influence only in the final stage of decay to the 

evaluated. The variable 7+ used in [6] is related to z by 
5+ = 34’3~. When 7+ is small, the agreement is very 
good. However, a discrepancy of about 6% exists at 
7+ = 1.1. 

Using the Falkner-Skan velocity field, Chen [9] 
presented an analysis for the constant property, in- 
compressible flow over wedges. His tabulated results 
for isothermal wedges were replotted in Figs. 4a and b, 
and compared with present solutions for Pr = 1 and 
100 and fi = -0.1, and 0.5. Figure 5 compares present 
temperature fields with Chen’s [9] for Pr = 1,100 and 
/I = 0.5. The agreement is probably as good as one 
may hope for. Note that in Figs. 4a-5, z1 and q, are 
respectively the variables z and q in [3] and [9]. 
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FIG. 4a. Wall heat flux ratlo for isothermal wedge surface with /$ = -0. I 
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FIG. 4b. Wall heat Rux ratio for isothermal wedge surface with /j = 0.5 

The associated conditions given by (9). (l&t, b) and 

(11) remain unaltered. Here the transport of heat due 
to additional disturbance is regarded as a passive scale. 
0 denotes the incremental dimensionless temperature 
field. There will be an initial velocity and temperature 

fields in the fluid corresponding to those of an 
adiabatic wall. The precise prescription of such fields 
would, in general, depend on the equation of state of 
the gas and the manner by which its viscosity, con- 
ductivity and specific heat vary with temperature. 

In what follows we shall consider only an ideal gas of 
constant Pr and C, with pp = ,uh,~),,, (a function of .V 
only) and kp = k,.p, (also a function of s only). These 
assumptions are found to be reasonably accurate for 
common gases within moderate temperature ranges. 

To effect solution, we now introduce a stream 
function $(x, y, t) defined by 

FIG. 5. Temperature profiles for isothermal wedge flows with 
p = 0.5. 

and transform the (x, y, t) system to (x, Z. t) system 
according to 

Z= P dy. (44 i 
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Then, with the one term velocity-distribution Since the energy equation and its associated con- 

7, 
ditions are linear, it is also applicable to objects with 

u=-z (45) any arbitrarily prescribed surface temperature distri- 
bution if the Duhamel’s procedure is used. In addition, 

it can be shown that (42) becomes it is also applicable to non-Newtonian flows. 
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With the following transformation, 

z 1 j ij =z(&~“~[~,~(&)llidx]lld W’b) 

equation (46) can be transformed to equation (14) if 
w is redefined as 

dz, 
dx 

W=dX. 

Since the conditions given by (15), and (16a, b) remain 
unaltered, the incompressible results gven in the 
previous sections are directly applicable to the present 
case. Note that the variable q defined by (47b) is the 
similarity variable for the corresponding steady state 
problem. 

5. CONCLUDING REMARKS 

The time-dependent Lighthill’s problem has been 
analyzed by the technique developed by Chao and 

Cheema [l]. This general, but approximate, analysis 
can predict not only the transient surface heat flux, but 

also the transient temperature field. It is directly 
applicable to surfaces with either a uniform tempera- 
ture (xo = 0) or a step discontinuity in temperature. 

(47c) 
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REPONSE THERMIQUE D’ECOULEMENTS A COUCHE LIMITE 

R&urn&On prisente une analyse approchie mais g&&ale de la rtponse thermique d’une couche limite 
laminaire incompressible, i propribtt constantes, sur un objet lisse de forme quelconque. Elle englobe le 
probltme classique de Leveque, comme cas particulier. Des comparaisons avec les donntes disponibles 
montrent que, pour des fluides B nombre de Prandtl de l’ordre de l’uniti ou plus grand, cette solution 
analytique est capable de fournir des rtsultats suffisamment pr&is pour des applications pratiques. Sous des 
conditions restrictives, elle peut aussi dtre utilisb pour estimer la rtponse thermique d’une couche limite 

compressible. 

DAS TEMPERATUR-ZEIT-VERHALTEN VON 
GRENZSCHICHTSTRtjMUNGEN 

Zusammenfassung-Diese Arbeit stellt eine angengherte, aber allgemeine Berechnung des Temperatur-Zeit- 
Verhaltens einer inkompressiblen, laminaren GrenzschichtstrGmung mit konstanten Stoffwerten iiber glatte 
Gegenstande von beliebiger Form vor. Als Spezialfall beinhaltet sie das klassische zeitabhingige Leveque- 
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Problem. Vergleiche mit verfiigbaren MeRwerten zeigen, da0 die analytische Ldsung llir I~lurdc 111~ rlne~ 
Prandtl-Zahl in der GriiBenordnung von I oder griil3er geniigend genaue Ergebnisse fiir die melsten 
ingenieurtechnischen Anwendungen liefern kann. Mit gewissen EinschrCnkungen kann sie such verwender 

werden, urn das Temperatur-Zeit-Verhalten der kompressiblen Grenzschichtstriimung abzuschatzen. 

BJITIMRHWE TEl-UIOBOI-0 B03AEjlCTBWI HA TEYEHME B I’IOTPAHWiHOM CJIOE 

hHOTaqHSl-~aH npH6JIH~eHHbIi-i HOCTaTOYHO 0611@ aHaJIH3 TenJIOBOrO BO3AeiiCTBliII Ha JIBMU- 

HapHOe Te'ieHHe HeCXGiMaeMOii lKLiAKOCTE C nOCTORHHbIMU CBOfiCTBaMH B nOrpaHWiHOM CJIOe Ha 

r~a~KO~nO~~XHOCTllTe~anpO~3BO~bHOii~~MbI.~aK~aCTHbIbC~y~~iaHa~~3BK~~~aeTK~aCC~- 

qecKyIo HecTamoHapHyko sanary neBeKa. CpaBHeHwe c uMemwih4ucs gaHHbIhm noKa3bIBaeT, YTo 

n.m XGiAKocTei C 'IkiCJlOM npaHnTJIH nopanrta eAHHHUb1 wwi 6onbme 3T0 aHanaTmecKoe pemeHHe 

MOXCeT AaTb AOCTaTO’IHO TO'iHbIe pe3yJIbTaTbI JUI~MHOrHX TeXHH'IeCKliXIIpHJIOXCeHEiti. npHOnpeAe- 

neHwIx 0rpaHareHasx ero MOXCHO ACnOJIb30BaTb TaKHCe AJIlI pacqera TennoBoro BO3flefiCTBHSI Ha 


